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Results for ab initio no-core shell model calculations in a symmetry-adapted SU(3)-based coupling
scheme demonstrate that collective modes in light nuclei emerge from first principles. The low-lying
states of 6 Li, 8 Be, and 6 He are shown to exhibit orderly patterns that favor spatial configurations
with strong quadrupole deformation and complementary low intrinsic spin values, a picture that is
consistent with the nuclear symplectic model. The results also suggest a pragmatic path forward to
accommodate deformation-driven collective features in ab initio analyses when they dominate the
nuclear landscape.

Introduction. – Major progress in the development
of realistic inter-nucleon interactions along with the utilization of massively parallel computing resources [1–3]
have placed ab initio approaches [4–14] at the frontier
of nuclear structure explorations. The ultimate goal of
ab initio studies is to establish a link between underlying principles of quantum chromodynamics (quark/gluon
considerations) and observed properties of atomic nuclei,
including their structure and related reactions. The predictive potential that ab initio models hold [15, 16] makes
them suitable for targeting short-lived nuclei that are inaccessible by experiment but essential to modeling, for
example, of the dynamics of X-ray bursts and the path
of nucleosynthesis (see, e.g., [17, 18]).

urations carrying a particular intrinsic quadrupole deformation linked to the irreducible representation (irrep)
labels (λ µ) of SU(3) [23–25], and specific intrinsic spins
(Sp Sn S) for protons, neutrons, and total spin, respectively (proton-neutron formalism). The fact that SU(3)
plays a key role, e.g., in the microscopic description of
the experimentally observed collectivity of ds-shell nuclei [26–30], and for heavy deformed systems [31], tracks
from the seminal work of Elliott [21] and is reinforced
by the fact that it is the underpinning symmetry of the
microscopic symplectic model [32, 33], which provides
a comprehensive theoretical foundation for understanding the dominant symmetries of nuclear collective motion
[29, 34].

In this letter, we report on ab initio symmetry-adapted
no-core shell model (SA-NCSM) results for the 6 Li
(odd-odd), 8 Be (even-even), and 6 He (halo) nuclei, using two realistic nucleon-nucleon (N N ) interactions, the
JISP16 [19] and chiral N3 LO [20] potentials. The SANCSM framework exposes a remarkably simple physical
feature that is typically masked in other ab initio approaches; the emergence, without a priori constraints,
of simple orderly patterns that favor spatial configurations with strong quadrupole deformation and low intrinsic spin values. This feature, once exposed and understood, can be used to guide a truncation and augmentation of model spaces to ensure that important properties
of atomic nuclei, like enhanced B(E2) strengths, nucleon
cluster substructures, and others important in reactions,
are appropriately accommodated in future ab initio studies.

The outcome further suggests a symmetry-guided basis
selection that yields results that are nearly indistinguishable from the complete basis counterparts. This is illustrated for 6 Li and 6 He for a range of harmonic oscillator
(HO) energies ~Ω, and Nmax =12 model spaces, where
Nmax is the maximum number of HO quanta included
in the basis states above the Pauli allowed minimum for
a given nucleus. An overarching long-term objective is
to extend the reach of the standard NCSM scheme by
exploiting symmetry-guided principles that enable one
to include configurations beyond the Nmax cutoff, while
capturing the essence of long-range correlations that often dominate the nuclear landscape.

The SA-NCSM joins a no-core shell model (NCSM)
theory [4] with a multi-shell, SU(3)-based coupling
scheme [21, 22]. Specifically, nuclear wavefunctions are
represented as a superposition of many-particle config-

Ab initio realization of collective modes. – The expansion of eigenstates in the physically relevant SU(3)
basis unveils salient features that emerge from the complex dynamics of these strongly interacting many-particle
systems. To explore the nature of the most important correlations, we analyze the probability distribution across (Sp Sn S) and (λ µ) configurations of the four
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FIG. 1: Probability distributions across (Sp Sn S) and (λ µ) values (horizontal axis) for the calculated 1+
gs of Li obtained for
+
8
Nmax = 10 and ~Ω = 20 MeV with the JISP16 interaction (left) and the 0gs of Be obtained for Nmax = 8 and ~Ω = 25 MeV
with the chiral N3 LO interaction (right). The total probability for each N ~Ω subspace is given in the upper left-hand corner
of each histogram. The concentration of strengths to the far right demonstrates the dominance of collectivity.

+
2+
1 , and 12 ), along with the ground-state rotational
8
bands of Be and 6 He. Results for the ground-state of
6
Li and 8 Be, obtained with the JISP16 and chiral N3 LO
interactions, respectively, are shown in Figure 1. This figure illustrates a feature common to all the low-energy solutions considered; namely, a highly structured and regular mix of intrinsic spins and SU(3) spatial quantum
numbers that has heretofore gone unrecognized in other
ab initio studies, and which does not seem to depend on
the particular choice of realistic N N potential.

First, consider the spin content. The calculated eigenstates project at a 99% level onto a comparatively small
subset of intrinsic spin combinations. For instance, the
lowest-lying eigenstates in 6 Li are almost entirely realized
in terms of configurations characterized by the following intrinsic spin (Sp Sn S) triplets: ( 23 32 3), ( 12 32 2), ( 23 21 2),
and ( 12 12 1), with the last one carrying over 90% of each
eigenstate. Similarly, the ground-state bands of 8 Be and
6
He are found to be dominated by configurations carrying total intrinsic spin of the protons and neutrons equal
to zero and one, with the largest contributions due to
(Sp Sn S) = (000) and (112) configurations.
Second, consider the spatial degrees of freedom. The
mixing of (λ µ) quantum numbers exhibits a remarkably

simple pattern. One of its key features is the preponderance of a single 0~Ω SU(3) irrep. This so-called leading
irrep, is characterized by the largest value of the intrinsic
quadrupole deformation [23]. For instance, the low-lying
states of 6 Li project at a 40%-70% level onto the prolate
0~Ω SU(3) irrep (2 0), as illustrated in Fig. 1. For the
ground-state band of 8 Be and 6 He, qualitatively similar
dominance of the leading 0~Ω SU(3) irreps is observed.
The dominance of the most deformed 0~Ω configuration
indicates that the quadrupole-quadrupole interaction of
the Elliott SU(3) model [21] is realized naturally within
an ab initio framework.
The analysis also reveals that the dominant SU(3) basis states at each N ~Ω subspace (N = 0, 2, 4, . . . ) are
typically those with (λ µ) quantum numbers given by
λ + 2µ = λ0 + 2µ0 + N

(1)

where λ0 and µ0 denote labels of the leading SU(3) irrep
in the 0~Ω (N = 0) subspace. We conjecture that this
regular pattern of SU(3) quantum numbers reflects the
presence of an underlying symplectic Sp(3, R) symmetry
of microscopic nuclear collective motion [32] that governs
the low-energy structure of both even-even and odd-odd
p-shell nuclei. This can be seen from the fact that (λ µ)
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configurations that satisfy condition (1) can be determined from the leading SU(3) irrep (λ0 µ0 ) through a
successive application of a specific subset of the Sp(3, R)
symplectic 2~Ω raising operators. This subset is composed of the three operators, Âzz , Âzx , and Âxx , that
distribute two oscillator quanta in z and x directions,
but none in y direction, thereby inducing SU(3) configurations with ever-increasing intrinsic quadrupole deformation. These three operators are the generators of the
Sp(2, R) ⊂ Sp(3, R) subgroup [35], and give rise to deformed shapes that are energetically favored by an attractive quadrupole-quadrupole interaction [34]. This is
consistent with our earlier findings of a clear symplectic
Sp(3, R) structure with the same pattern (1) in ab initio
eigensolutions for 12 C and 16 O [36].
Furthermore, the N ~Ω configurations with (λ0+N µ0 ),
the so-called stretched states, carry a noticeably higher
probability than the others. For instance, the (2+N 0)
stretched states contribute at the 85% level to the
ground-state of 6 Li, as can be readily seen in Fig. 1.
The sequence of the stretched states is formed by consecutive applications of the Âzz operator, the generator
of Sp(1, R) ⊂ Sp(2, R) ⊂ Sp(3, R) subgroup, over the
leading SU(3) irrep. This translates into distributing N
oscillator quanta along the direction of the z-axis only
and hence rendering the largest possible deformation.
Symmetry-guided framework. – The observed patterns of intrinsic spin and deformation mixing supports
the symmetry-guided basis selection philosophy referenced above. Specifically, one can take advantage of
dominant symmetries to relax and refine the definition
of the SA-NCSM model space, which for the NCSM is
fixed by simply specifying the Nmax cutoff. In particular, SA-NCSM model spaces can be characterized by a
>
⊥
, which implies inclusion of
iNmax
pair of numbers, hNmax
⊥
the complete space up through Nmax
, and a subset of the
⊥
complete set of (λ µ) and (Sp Sn S) irreps between Nmax
>
and Nmax . Though not a primary focus of this paper,
an ultimate goal is to be able to carry out SA-NCSM
>
investigations in deformed nuclei with Nmax
values that
go beyond the highest Nmax for which complete NCSM
results can be provided.
The SA-NCSM concept focuses on retaining the most
important configurations that support the strong manynucleon correlations of a nuclear system using underlying Sp(1, R) ⊂ Sp(2, R) ⊂ Sp(3, R) symmetry considerations. It is important to note that for model spaces truncated according to (λ µ) and (Sp Sn S) irreps, the spurious
center-of-mass motion can be factored out exactly [37],
which represents an important advantage of this scheme.
The efficacy of the symmetry-guided concept is illustrated for SA-NCSM results obtained in model spaces
⊥
which are expanded beyond a complete Nmax
space with
irreps that span a relatively few dominant intrinsic spin
components and carry quadrupole deformation specified
⊥
by (1). Specifically, we vary Nmax
from 2 to 10 with
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FIG. 2: The ground-state binding energies of 6 Li (a) and 6 He
(b), excitation energies of T = 0 states of 6 Li (c), 2+
1 excited
state of 6 He (d), shown for the complete Nmax (dashed black
⊥
curves) and truncated hNmax
= Nmax i12 (solid red lines)
model spaces. Results shown are for JISP16 and ~Ω = 20
MeV. Note the relatively large changes when the complete
space is increased from Nmax = 2 to Nmax = 12 as compared
to nearly constant hNmax i12 SA-NCSM outcomes.

only the subspaces determined by (1) included beyond
⊥
Nmax
. This allows us to study convergence of spectroscopic properties towards results obtained in the complete Nmax = 12 space and hence, probes the efficacy of
the SA-NCSM symmetry-guided model space selection
concept. In the present study, a Coulomb plus JISP16
N N interaction for ~Ω values ranging from 17.5 up to
25 MeV is used, along with the Gloeckner-Lawson prescription [38] for elimination of spurious center-of-mass
excitations. SA-NCSM eigenstates are used to determine
spectroscopic properties of low-lying T = 0 states of 6 Li
⊥
i12 model
and the ground-state band of 6 He for hNmax
spaces.
The results indicate that the observables obtained in
⊥
the hNmax
i12 symmetry-guided truncated spaces are excellent approximations to the corresponding Nmax = 12
complete-space counterparts. Furthermore, the level of
agreement achieved is only marginally dependent on
⊥
. In particular, the ground-state binding energies
Nmax
obtained in a h2i12 model space represent approximately
97% of the complete-space Nmax = 12 binding energy in
the case of 6 Li and reach over 98% for 6 He [Fig. 2 (a)
and (b)]. The excitation energies differ only by 5 keV
to a few hundred keV from the corresponding completespace Nmax = 12 results [see Fig. 2 (c) and (d)], and the
agreement with known experimental data is reasonable
over a broad range of ~Ω values.
The number of basis states used, e.g., for each 6 Li
state, is only about 10-12% for h2i12, h4i12, h6i12, 14%
for h8i12, and 30% for h10i12 as compared to the num-

4
TABLE I: Magnetic dipole moments µ [µN ] and pointparticle rms matter radii rm [fm] of T = 0 states of 6 Li
calculated in the complete Nmax = 12 space and the h6i12
subspace for JISP16 and ~Ω = 20 MeV. The experimental
value for the 1+ ground-state is known to be µ = +0.822 µN
[40].

µ

1+
1
0.838
0.839
2.119
2.106

Nmax = 12
h6i12
Nmax = 12
h6i12

rm

3+
1
1.866
1.866
2.063
2.044

2+
1
0.970
1.014
2.204
2.180

1+
2
0.338
0.338
2.313
2.290

ber for the complete Nmax = 12 model space, which is
3.95 × 106 (J = 1), 5.88 × 106 (J = 2), and 6.97 × 106
(J = 3). The runtime of the SA-NCSM code exhibits
a quadratic dependence on the number of (λ µ) and
(Sp Sn S) irreps for a nucleus – there are 1.74 × 106 irreps for the complete Nmax = 12 model space of 6 Li,
while only 8.2%, 8.3%, 8.9%, 12.7%, and 30.6% of these
⊥
= 2, 4, 6, 8, and 10, respectively.
are retained for Nmax
⊥
≥2
The net result is that calculations in the 10 ≥ Nmax
range require one to two orders of magnitude less time
than SA-NCSM calculations for the complete Nmax = 12
space.
As illustrated in Table I, the magnetic dipole moments
obtained in the h6i12 model space for 6 Li agree to within
0.3% for odd-J values, and 5% for µ(2+
1 ). Qualitatively
6
similar agreement is achieved for µ(2+
1 ) of He, as shown
in Table II. The results suggest that it may suffice to
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FIG. 3:
Electric quadrupole transition probabilities and
quadrupole moments for T = 0 states of 6 Li calculated using the JISP16 interaction without using effective charges are
shown for the complete Nmax (dashed black lines) and trun⊥
cated hNmax
= Nmax i12 (solid red lines) model spaces [(a)
and (c)], and as a function of ~Ω for the complete Nmax = 12
space and h6i12 truncated space (solid blue lines) [(b) and
+
2
4
(d)]. Experimentally, B(E2; 1+
1 → 31 ) = 25.6(20) e fm [40].

TABLE II: Selected observables for the two lowest-lying
states of 6 He obtained in the complete Nmax = 12 space and
h8i12 model subspace for JISP16 and ~Ω = 20 MeV.
+
2
4
B(E2; 2+
1 → 01 ) [e fm ]
+
Q(21 ) [efm2 ]
µ(2+
1 ) [µN ]
rm (2+
1 ) [fm]
rm (0+
1 ) [fm]

Nmax = 12
0.181
-0.690
-0.873
2.153
2.113

h8i12
0.184
-0.711
-0.817
2.141
2.110

include all low-lying ~Ω states up to a fixed limit, e.g.
⊥
⊥
Nmax
= 6 for 6 Li and Nmax
= 8 for 6 He, to account for
the most important correlations that contribute to the
magnetic dipole moment.
To explore how close one comes to reproducing the
important long-range correlations, we compared observables that are sensitive to the tails of the wavefunctions;
specifically, the point-particle root-mean-square (rms)
matter radii, the electric quadrupole moments and the
reduced electromagnetic B(E2) transition strengths that
could hint at rotational features [41]. As Table II shows,
the complete-space Nmax = 12 results for these observables are remarkably well reproduced by the SA-NCSM
for 6 He in the restricted h8i12 space. In addition, the
results for the rms matter radii of 6 Li, listed in Table I,
agree to within 1% for the h6i12 model space.
Notably, the h2i12 eigensolutions for 6 Li yield results
for B(E2) strengths and quadrupole moments that track
closely with their complete Nmax = 12 space counterparts (see Fig. 3). It is known that further expansion of
the model space beyond Nmax = 12 is needed to reach
convergence [42, 43]. However, the close correlation between the Nmax = 12 and h2i12 results is strongly suggestive that this convergence can be obtained through the
leading SU(3) irreps in a symmetry-adapted space. In
addition, the results [Fig. 3 (c)] reproduce the groundstate quadrupole moment [39] that is measured to be
Q(1+ ) = −0.0818(17) efm2 [40].
The differences between truncated-space and
complete-space results are found to be essentially
~Ω insensitive and appear sufficiently small as to be
nearly inconsequential relative to the dependences on
~Ω and on Nmax [see Fig. 3 (b) and (d)]. Since the NN
interaction dominates contributions from three-nucleon
forces (3NFs) in light nuclei, except for selected cases [5–
7], we expect our results to be robust and carry forward
to planned applications that will include 3NFs.
To summarize, the results reported in this paper
demonstrate that observed collective phenomena in light
nuclei emerge naturally from first-principle considerations. This is illustrated through detailed calculations
in a SA-NCSM framework for 6 Li, 6 He, and 8 Be nuclei
using the JISP16 and chiral N3 LO N N realistic interactions. The results underscore the strong dominance

5
of configurations with large deformation and low spins.
The results also suggest a path forward to include higherlying correlations that are essential to collective features
such as enhanced B(E2) transition strengths. The results further anticipate the significance of LS-coupling
and SU(3) as well as an underlying symplectic symmetry for an extension of ab initio methods to the heavier,
strongly deformed nuclei of the lower ds shell, and, perhaps, even reaching beyond.
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